ON THE DECOMPOSITION NUMBERS OF THE HECKE 
ALGEBRA OF TYPE Z)„ WHEN n IS EVEN 



JUN HU 

Abstract. Let n > 4 be an even integer. Let K he & field with 
char if 7^ 2 and q an invertible element in K such that nr=r/(-'^"'"'i'') ^■ 
In this paper, we study the decomposition numbers over K of the 
Iwahori-Hecke algebra 'Hq{D„) of type Z)„. We obtain some equalities 
which relate its decomposition numbers with certain Schur elements and 
the decomposition numbers of various Iwahori-Hecke algebras of type 
A with the same parameter q. When ch&r K — 0, this completely de- 
termine all of its decomposition numbers. The main tools we used are 
the Morita equivalence theorem established in [19] and certain twining 
character formulae of Weyl modules over a tensor product of two g-Schur 
algebras. 



1. Introduction 

Let n be a natural number. Let X be a field and q, Q two invert- 
ible elements in K. Let Wn be the Weyl group of type A^-i or of type 
Bn- Let 'H{Wn) be the Iwahori-Hecke algebra of Wn with parameter q if 
Wn = W{An-i); or with parameters q,Q if Wn = W{Bn)- The modular 
representation theory of Ti.{Wn) has been well studied in the papers [3], [7], 
[H]; [9], [l3] and [32]. In fact, most of the results of the modular representa- 
tion theory of these algebras have been generalized to a more general class 
of algebras — the cyclotomic Hecke algebras of type G{r, l,n), where r G N. 
The latter was now fairly well understood by the work of [1], [2], [3], [12] 
and [13]. 

This paper is concerned with the Iwahori-Hecke algebra ?iq{Dn) of type 
Dn- By definition, Ti.q{Dn) is the associative unital /C-algebra with genera- 
tors Tu, Ti, • • • , Tn-i subject to the following relations 

{Tu + l){Tu-q) = 0, 

{Ti + l){Ti-q) =0, forl<i<n-l, 

TiTi+iTi = Ti+iTiTiJ^i, forl<i<n-2, 
TjTj = TjTj, for l<i<j — l<n — 2, 
TuTi = TiTu, for 2 < i < n. 
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The algebra Hq{Dn) can be embedded into a Hecke algebra ?iq{Bn) of type 
Bn with parameters {q, 1} as a "normal" subalgebra. Namely, let 7{q{Bn) 
be the associative unital /C-algebra with generators Tq, Ti, • • • , T„_i subject 
to the following relations 

(To + l)(To - 1) = 0, 

roTiToTi = riToTiTo, 

(ri + l)(ri-g) = 0, forl<i<n-l, 

TiTi+iTi = Tj+iTjTj+i, forl<i<n-2, 

TiTj = TjTi, for < i < i - 1 < n - 2. 

Then the map l which sends to TqTiTq, and Tj to Tj (for each integer i 
with 1 < i < n — 1) can be uniquely extended to an injection of -ftT-algebras. 
Throughout this paper, we shall always identify 7Yg(-D„) with the subalgebra 
iiT~iq{Dn)) using this embedding l. 

Henceforth, we shall assume that the characteristic of the field K ( denoted 
by charii'j is not equal 2. In this case, if q is not a root of unity, then 
7iq{Dn) is semisimple. Since we are only interested in the modular (i.e., 
non-semisimple) case, we shall also assume that g is a root of unity in K. 
Let e be the smallest positive integer such that 1 + q + q^ + ■ ■ ■ + q^^^ = 0. 
If g = 1, then e = charX. The modular representation theory of 7iq{Dn) 
over K was studied in a number of papers [16], [H], f20], [22j, [28j, [33j. 
The algebra 7ig{Dn) is a special case of a more general class of algebra — 
the cyclotomic Hecke algebras of type G{r,p,n). The latter was studied in 
[21], [23], [24], [25], [26] and [27]. The papers [l9], [20] and [33] studied the 
restriction to TLq{Dn) of simple 7^q(-Bri)-inodules using the combinatorics of 
Kleshchev bipartitions; while the papers [16] and [28] studied the simple 
'Hg(Z)„)-modules with the aim of constructing the so-called "canonical basic 
set". In both approaches, simple 'Hg(-D„)-modules have been classified but 
using different parameterizations. 

One of the major open problems in the modular representation theory of 
Hecke algebras is the determination of their decomposition numbers. In the 
case of type A and type B (or more generally, of type G(r, l,n)), thanks 
to the work of [Ij and [30], the decomposition numbers can be computed 
by the evaluation at 1 of some alternating sum of certain parabolic affine 
Kazhdan-Lusztig polynomials when chai K = and (? 7^ 1. It is natural to 
ask what will happen in the type D case. In [33], it was proved that if n is 
odd and fn{q) := YTiZli'^ +90/0 in K, then 

n 

HqiDry'^^''" W,(6(„,„_.)), 
a={ji+l)/2 

where &(a,n-a) •= ®{i,---,a} ^ ®{a+i, ■■•,"} is the parabolic subgroup of the 
symmetric group &n on {1, 2, • • • , n}, 'Hq{&[a,n-a)) is the parabolic subalge- 
bra of 7iq{&n) corresponding to &(a,n-a)- this case, if S\ and denote 
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the dual Specht module and simple module of TCq{Bn) labelled by the bi- 
partition A = (A^^^A*^^-') and the e-restricted bipartition ^ = fj,^"^^) 
respectively, then we have the following equality of decomposition numbers: 

[Sx iHg{D„y- iw,(D„)] = [Sxm '■ D^m] [5^a(2) : D^(2)], 

where S'_<^(i) , -D^(i) (resp., S ^^(2) , D ^(2)) denote the dual Specht module and 
simple module of 7iq{&a) (resp., of 7^q(S|a_|_i ... „})). Hence computing the 
decomposition numbers of Hq{Dn) can be reduced to computing the decom- 
position numbers of 'Hq{&(^a,n-a)) where (n + l)/2 < a < n. 

In [19], it was proved that if n is even and fn{Q) 7^ in i^, then 

n 

(1.1) nq{D^)''"rL^'''A{n/2)e nq{&^a,n-a)), 

a=n/2+l 

where A{n/2) is the if-subalgebra of TCq{&n) generated by 'Hq{6i^n/2,n/2)) 
and an invertible element h{n/2) G 7iq{<5n) (see [191 Definition 1.5] for def- 
inition of h{n/2)). Therefore, in this case, computing the decomposition 
numbers of 7iq{Dn) can be reduced to computing the decomposition num- 
bers of 'Hq{6(^a,n-a)) where n/2 + 1 < a < n and the decomposition numbers 
of the algebra A{n/2). 

The purpose of this article is to determine the decomposition numbers for 
the algebra A{n/2). The main results of this paper provide some explicit 
formulae which determine these decomposition numbers of 'Hq{Dn) in terms 
of the decomposition numbers of 'Hq{&n/2) ^-iid certain Schur elements, see 
Theorem 12.51 Lemma 12.71 (where it is only assumed chari^ 7^ 2), Theorem 
12.81 (in the case where charJC = 0) and Theorem 12.91 Note that these results 
are also valid in the case where (/ = 1. 

The paper is organized as follows. In Section 2 we shall first recall some 
known results about the modular representation theory of the Hecke algebra 
of type Dn when n is even in the separated case. Then we shall state our 
main theorems. In Section 3 we lift the construction of the algebra A{n/2) 
to the level of q-Schur algebras and introduce a certain covering A[n/2) of 
A{n/2). Using Schur functor, we transfer the original problem of computing 
the decomposition numbers of A{n/2) to the corresponding problem for 
A{n/2). In Section 4, we explicitly compute the Laurent polynomial f\{v) 
introduced in [19^ Lemma 3.2] in terms of the Schur elements of the Hecke 
algebra Hq{Bn) and Hq(S„/2)- I^i Section 5, by computing the twining 
character formula of some Weyl modules of a tensor product of two g-Schur 
algebras, we determine our desired decomposition numbers when K is of 
characteristic 0. When K is of odd characteristic, our results only give some 
equalities about these decomposition numbers modulo char K. 
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2. Preliminaries 

From now on until the end of this paper, we assume that n = 2m > 4 is 
an even integer, and 

n-l 

(2.1) 2fn{q):=2ll{l + q')^0. 

i=l 

We shall refer i2.1\) as separation condition and say that we are in the 
separated case. 

Let k he a positive integer. A sequence of nonnegative integers A = 
(Ai, A2, • ■ ■ ) is said to be a composition of k if X]i>i K = k. A composition 
A = (Ai, A2, • • • ) of A; is said to be a partition of k (denoted by A h A;) 
if Ai > A2 > • • • . If A is a composition of k, then we write |A| = k. A 
bipartition of n is an ordered pair A = (A^^-*, A^^-*) of partitions such that 
A^^) is a partition of a and A^'^^ is a partition of n — a for some integer a with 
< a < n. In this case, we say that A is an a-bipartition of n and we also 
write A h n. 

A partition A is said to be e-restricted if < Aj — Aj+i < e for all i. We 
say that a bipartition A = {X^^\ A*^^^) is e-restricted if both A'-"'^-' and A*^^^ are 
e-restricted. Recall that for each bipartition A = (A^^-*, A^^-*) of n, there is a 
dual Specht modul43 Sx of T-Lq{Bn)- If Hq{Bn) is semisimple, then the set 
{S\ I A = {X^^\ X^'^^) h n} forms a complete set of pairwise non-isomorphic 
simple 7^g(i?„)-modules. In general, if A is e-restricted, then 5a has a unique 
simple Hq{Bn)-h.ead Dx, and the set 



X = {X^^\ A^^^) h n is e-restricted 



forms a complete set of pairwise non-isomorphic simple 7^g(i?n)-modules. 

Let V be an indeterminate over Z. Let A := Z[f , v~^]. For each bipartition 
A = (A«,A(2)) of n, a Laurent polynomial fxiv) € A was introduced in 
[191 Lemma 3.2]. If A^^) = A^^), then it was proved in [191 Theorem 3.5] 
that there exist some Laurent polynomials gxi^) G A, such that /a(^') = 
(^gx{v)^'^. Since chariC 7^ 2, we actually have two choices for such gxiv)- 
Henceforth, for each bipartition X = {X^^\X^'^^) of n satisfying A*^^^ = A^^^, 
we fix one choice of such gxi'v), and we denote it by fxiy). Then another 
choice would be —\/fx{v)- Once this is done, we can canonically define 
two Wg(i:>„)-submodules and of SxlugiDn) satisfying SxiHg{D„) = 
© (see |21t Theorem 4.6]). 

Let Vn denote the set of bipartitions of n. For any A, G 7^^, we define 
A ~ ;U if A*-^^ = fi^'^^ and A^^^ = /i^^-*. Let r be the X-algebra automorphism 
of 'Hq{Bn) which is defined on generators by t{Ti) = TQTiTo,T{Ti) = Ti, 
for any i ^ 1. Let a be the iiT-algebra automorphism of 7iq{Bn) which is 



^Our Sx^ in this paper was denoted by in [19] 



defined on generators by cr(To) = — To,cr(Tj) = Tj, for any i ^ 0. Clearly 
T{Hq{Dn)) = 7iq{Dn) and a [■Hq{Dn)— Id. With our assumption (j2.ip in 
mind, by [21, Corollary 3.7], for each A = (A^^), A^^)) g 

'5Aiw,(D„)= 53;iw,(D„)' where A := (A^^^A^^^). 



Note that the inequality (j2.ip is only a part of the conditions for the 
semisimplicity of Hq{Dn)- The following result depends heavily on our as- 
sumption ()2.ip . 



Lemma 2.2. ([21]) If7iq{D„) is semisimple, then the set 

{5aK(d„),5J,^),5(-^,^) I A = (A«, A(2)) g T'n/-, A« / A(2), /? h m} 

forms a complete set of pairwise non-isomorphic simple Hq{Dn) -modules. 
In general, if fih n is e-restricted and fjS^^ ^ iJ,^'^\ then -D/^ J,-^^(£)„) remains 
irreducible and it is the unique simple 7iq{Dn)-head of I-^^^^d^-^; if ah m 
is e-restricted, then (resp., •S'^^^^J has a unique simple T-Lq{Dn)-head 

"^(a a) r^ssp., D~^aa))' algebra T-Lq(Dn) is split over K and the set 

( + 11 = {H^^\lj,^'^'>) eVnh is e-restricted'] 

^(1) ^ ^(2)^ a h mis c-rcstricted J 

forms a complete set of pairwise non-isomorphic simple 7iq{Dn) -modules. 
Therefore, we can regard the following set 



A = (A«,A(2)) € 7'n/~,A« / A(2), and 
/? is a partition of m 



as the set of dual Specht modules for TCq{Dn) in the separated case. 
We collect together some facts in the following lemma. 

Lemma 2.3. ([IS], [21]) Let (3 be a partition of m and a be an e-restricted 
partition ofm. Let \ be a bipartition ofn and fi be an e-restricted bipartition 
of n. Then we have 

(2.3.1) fx{q) is an invertible element in K; 

(2.3.2) (I)^)'^ - D^^, D^H(i5„)= 

(2.3.3) K(D„)=^f,,„)e 

(2.3.4) (5+^))^ = 5(-,^), K,.))^ = ^K«)/ 

(2.3.5) for any nq{Bn)-module M. 

Note that except for (2.3.5), all the claims in the above lemma depend on 
the validity of our assumption (j2.ip . 

Recall the Morita equivalence (jl.ip proved in [19]. Let F be the result- 
ing functor from the category of finite dimensional 7^q(i^„)-modules to the 
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category of finite dimensional modules over A{m) © 0J^=^_(_i 'Hq{& (^a,n~a)) ■ 
For any X, fj, G Vn with fi being e-restricted, we define 

if |A«| / |A(2)[,|^{i)[ / [;,(2)|; and 

if |A«| = |A(2)| = m= = 1^(2) |. 

For each integer i with l<i<m — 1, we define Sj = + 1). Then 
{si,S2,-" )'Sm-i} is the set of all the simple reflections in 6m- A word 
w = Sij^ ■ ■ ■ Sjj. for w G &m is a reduced expression if k is minimal; in this 
case we say that w has length k and we write i{w) = k. Given a reduced 
expression s^^ • • • Si^, for w € Smj we write = Ti^^ ■ ■ ■ Ti^. It is well-known 
that {Tyj\w G Sm} forms a ET-basis of Ti.q{&m)- Let /3 be a partition of m. 
Let be the Young subgroup of &m corresponding to /?. We set 

xp := ^ r^, := Yl 

Let (resp., t/j) be the standard /3-tableau in which the numbers 1, 2, • • • , m 
appear in order along successive rows (resp., columns). Let Wjs G &m be 
such that t^Wfs = t^. If a is an e-restricted partition of m, then we have the 
following direct sum decompositions of A(m)-modules: 

S{P,P) = 5(/3,/3)+ ©5(/3,/3)_, D{a,a) = D{a,a)+ ® D{a,a)-, 

where 

S{/3,P)± : = [\J f{p,i3){q)z'p ® ± {z'p (g) z'p)h{m)^ng{&(^rn,m)), 

and := yp>Ty^^,xp, 0' is the conjugate partition of /3, z^ is the similarly 
defined generator for the dual Specht module Sf^ of 7^g(S(„_|_i ... „)), z'^ and 

are the canonical images of z'^ and z'^ in and Dq, respectively. Note 
that by P Theorem 3.5] and [32l (5.2), (5.3)], the right ideal of 7^,(6^) 
generated by z'^ is isomorphic to the dual Specht module 5/3, and the dual 
Specht module Sfj is also isomorphic to the right ideal of TCq{&m) generated 
by ^'^''^wpivf- Here denotes the if -algebra automorphism of TCq{&n) 

which is defined on generators by T- := {—q)Tj^ for each integer i with 
1 < i < m — l. We take this chance to point out that the definition of ^(A)^ 
and D{fi)± given in [T21 p. 428, lines 25, 26] are not correct (although this 
does not affect any other results in [IS]). The correct definition should be 
as what we have given above. By direct verification, we see that 



and for any X, fJ- & Vn with fi being e-restricted, 

The fohowing lemma is a direct consequence of this Morita equivalence. 

Lemma 2.4. Let X be a bipartition of n and /i an e-restricted bipartition of 
n. Let P be a partition of m and a an e-restricted partition of m. Then we 
have 

(2.4.1) if |A(i)| / |A(2)| and ^u^^) then 



[^XW ■ ■ ^A.(2)J' V |_^(2)| ^ 1^(2) I ' 



0, otherwise; 
(2.4.2) if lA^I = |A(2)| = m, A« / A(2) and I^W] 1^(2) |^ ^/^^^ 

Theorem 2.5. Let X be a bipartition of n with \X^^^ \ = |A^^^| = m. Let be 
an e-restricted bipartition of n with = l/^^^^l = Let 13 be a partition 
of m and a an e-restricted partition of m. Then we have 

(2.5.1) i/A(i) ^ A(2) and /i(^) / i/ien 

[•S'a iw,(D,o: = ['S'a(i) : ^^{1)] ■ D^(2)] + [S^^i) : D^^^2)] [S^(2) : i)^(i)] , 

(2.5.2) / ^(2)^ ^/jg^ 

[•^(A/?) • ^ng{D„)] = [Sf3 ■ D^w] [S(i : D^i2)]/2 + [Sfs : 1)^(2)] [5/3 : 1)^(1)] /2, 

[^{(3,13) • iw,!!)™)] = [^{f},p) • iH,(D„)]; 

Proof. Using the functor F, it is easy to see that the first equality in (2.5.1) 
follows from the exactness of the induction functor t ^^"^l n . The other 
equalities follow from (2.3.4), (2.3.5) and the following Morita equivalence 

my- 

n 

(2.6) H,(5.)^?:^*"07^,(e(„,_)). 

a=0 

□ 



It remains to determine the decomposition numbers 
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Lemma 2.7. Let (3 be a partition of m and a an e-restricted partition of 
m. Then we have 

^ia,a)] ^ [^{13, 13) " ^{a,a)\> 



(2.7.2) [5+^^) 



(2.7.3) [5+^,) 

Proof. The first two equalities follow from (2.3.4), while the last equality 
follows from (j2.6p and (2.3.4) and the fact that 

□ 

Therefore, it suffices to determine the decomposition number [5^ : 
^{aa)\ each partition P of m and each e-restricted partition q of m. 
Note that these decomposition numbers are the 2-splittable decomposition 
numbers in the sense of [26] • 

The purpose of this article is to give an explicit formula for these de- 
composition numbers. We shall relate these decomposition numbers with 
the decomposition numbers of the Hecke algebra 'Hq{&m) and certain Schur 
elements of Hq{Bn) and of ?iq{&m)- The main results of this paper are the 
following two theorems: 

Theorem 2.8. Let (3 he a partition of m and a an e-restricted partition of 
m. Let 

df3,a '■= [Sp ■ Da] ■ 

Then we have the following equality in K: 



r + +1 I V •^(^•^^^^^ A 

{13,(3) ■ ^{a,a)\ " ^/3," ( I + ) Z^' 

^\Jf{a,a){Q) ^ 

Ln particular, if char K = 0, then the above equality completely determines 
the decomposition number. 

Note that a priori we do not even know why the righthand side term in 
the above equality should be an element in the prime subfield of K. Note 
also that we allow g = 1 in the above theorem. The Laurent polynomials 
/(/3,/3) (^) ) f{a,a) (^) appeared in the above theorem can be computed explicitly 
by the next theorem. 

Theorem 2.9. Let X = (A^-'^^ A^'^)) be an arbitrary hipartition of n. Then 
we have 

n(n-l) SX{V,1) 

where sx{v,v) (resp., s^{i){v), Sx{2){v)) is the Schur element corresponding 
to X (resp., corresponding to X^^\ A*-^-* ), andv is another indeterminate over 
Z. 
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Note that these Schur elements are some exphcit defined Laurent poly- 
nomials on V, V. For example, if A is a partition, then 

(i,i)e[A] 

where hfj = Xi + Xj — i — j + 1 (the (i, j)th hook length), wa',o is the unique 
longest element in Gy, X' denotes the conjugate partition of A, and for each 
integer k, 

v'' -1 

[k]v ■■= G A. 

V — 1 

We refer the reader to [31] for the explicit definitions of Schur elements 
corresponding to arbitrary multi-partitions. 

Example 2.10. Suppose that K = C,n = 6, /3 = {2,l),a = (1,1,1). If 
e = 3, then a is e-restricted and the assumption ()2.ip is satisfied. In this 
case, let g be a primitive 3th root of unity in C. Then 1 + q -\- q'^ = 0. It 
is well-known that [Sjs : Da] = 1. Applying Theorem 12.91 and the known 
formulae for Schur elements, we get that 

/(^,^)(t;) = ^> + 1)^(^3 + l)^ 

Applying Theorem 12. 8t we get that 

l^im ■ ^{",")J ~ 2\iq + l)(g2 + l)(g3 + 1) + - ^' 

If e = 5, then a is also e-restricted and the assumption (j2.ip is still satisfied. 
In that case, [Sp : Da] = 0, and hence 



3. Lifting to g-ScHUR algebras 
For each integer i G {1, 2, • ■ ■ , n — 1} \ {m}, we define 




i + m if 1 < i < m, 
i — m if m < i < n — 1. 



Let ^ be the group automorphism of &{^m,m.) '■= ®m x &{m+i,--- ,n} which is 
defined on generators by = for each integer i G {1, 2, • • • , n — 1} \ {m}. 
We use the same notation ^ to denote the algebra automorphism of the 
Hecke algebra 'Hg(S(m,m)) = '^gi^m) (^T~iq{&^fn+i,--- ,n}) which is defined on 
generators hy Ti = Tq for each integer z G {1, 2, • • • , n — 1} \ {m}. 
For each partition A of n, we set 



10 



JUN HU 



where &x is the Young subgroup of ©„ corresponding to A. We use A(n) to 
denote the set of compositions A = (Ai, A2, • • • , A„) of n into n parts (each 
part Aj being nonnegative) . Let A"'"(n) be the set of partitions in A(n). 
Following Dipper and James [10], [H], we define the g-Schur algebra Sq{n) 
to be 

S,(n):=End^,(e„)( xxTigi&n))- 

AgA(n) 

In a similar way, we define the g-Schur algebras Sq{m), Sq{m) by using the 
Hecke algebras 7ig{&m),T~(-q{&^m+i,--- ,n}) respectively. Note that to define 
the g-Schur algebra Sq{m), one needs to use the element x\ for A G A(m). 

For any A,^ € A(n), let be the set of distinguished ©A-©/^-double 
coset representatives in S„. Following [TI], for each d € S)a,/x) we define 

<P\,ti e ^OmT^^^e^){x^nqien),Xx'Hq{&n)) 

by: 

<m(^m^)= Y1 V/iGH,(6„). 

By [111 Theorem 1.4], the elements in the set 

{01m I A,/iGA(n),a!GSA,M} 

form a ET-basis of Sq{n) which shall be called standard bases in this paper. 
For anyA,;UGA(n), by [III (2.3)], 

(t>i,\Sq{n)<pl^^^ ^ Hom7^^(6„)(2;MHg(©„),XAWq(©„)). 

Let ujn denote the partition (1") = (1, 1, • • • ,1) of n. Using the natural 

n copies 

isomorphism 

R0mT^^^e^){nq{6n),nq{6n)) = W,(©n), 

we can identify Tiqi&n) with the non-unital iT-subalgebra uj„Sq{n)(plj^ 
of Sq{n). We use tn to denote the resulting injection from TLqi&n) into Sg{n). 
In a similar way, we can identify Ti.q{&m) with the non-unital ii'-subalgebra 
4>i^,u;,nSq{m)(l)l^^^^^^ via an injective map i^, and Wq(©{„+i^... with the 

non-unital K-subalgebra ^^^Sq{m)(f}l^^ via an injective map Tm- Note 
that here in order not to confuse with the standard basis elements of Sg{m), 
we denote the standard basis element of Sq{m) by (/"^ ^. 

Let p denote the natural injective map from Ti.q{&m) <8) 'Hg(©{m+i,- - ,n}) 
into Tlq(&n)- We are going to lift this map to an injection p from Sg{m) 
Sq{m) into Sq{n). Let S(m,m) be the set of distinguished right coset rep- 
resentatives of ©(m,m) ill Sn- Any element h G 7iq{&n) can be written 
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uniquely as 

(3.1) h = y ^ A^_^ ,^j^^Tyj-^Tw^Tci, 

«)ieSm,«'2eS{m + l,--- ,n} 

where A'^^^^ G K for each wi,W2,d. For any / G Sq{m),g G Sq{m), we 
define p{f (8) 5) G Sq{n) as follows: for any ^ G A(n), and any h G Ti.q{&n) 
which is given by (j3.ip . if ^ = ^^'^^), where ^^^^ G A(m), then we set 

p{f (g) g){x^h) := ^ Af,^^^2/(2;/.{i)^'^i)5'(3;/I{2)7'u,2)Td; 

W)lGSm,M'2GS{m+l,.-- ,n} 

otherwise, we set p{f (g) g)[x^h) := 0. 

Lemma 3.2. VFi^/i t/ie notations as above, we have that 

p{f®9) e Sq{n). 
Proof. This is clear by using the fact that 

□ 

Lemma 3.3. We have the following commutative diagram of algebra maps: 

{m+l,---,n}) ^ T~(-q{&n) 



Sq{m) (g) Sq{m) > Sq{n) 

Moreover, p{4>l^,u,^ ® ^im,ujm) = ^ln,Lu„ ^^'^ P injection. 
Proof. This follows from direct verification. □ 
Note that the unit element of Sq{m) (g) Sq{m), i.e., 

AGA(m) AeA(m) 

is not mapped by p to the unit element of Sq{n). Henceforth, we iden- 
tify Sq{m) (g) Sq{m) with a non-unital K-subalgebra of Sq{n) via the injec- 
tion p. Recall that ( [191 Remark 2.4]) the algebra A{m) was generated by 
Ti, • • • , Tm-i, Tm+i, ■ ■ • , h{m) and satisfy the following relations 

(Tj l)(rj - g) = 0, for 1 < i < n - 1, i / m, /i(m)^ = z^.m, 
TiTi+iTj = Ti+iTiTi^i, for 1 < i < n - 2, i ^ {m - 1, m} 
TjTj = TjTi, for l<i<j — l<n — 2, i,j7^m 

^i./ ^ \h{m)Ti+rn if 1 < i < m, 
Tih{m) = \ , . 

I h[m)Ti^rn if m < i < n — 1, 
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where Zm,m is a central element in the Hecke algebra 'Hq{&[m,m)) (see [9]). 
We arc going to lift the clcniciits hirfi) •, ZYn^rn 

to the corresponding g-Schur 

algebras. 

Lemma 3.4. Let z he an element in the center of TCq{&n)- We define 
Z G Sg{n) by 

Z{xxh)=xxhz, VA G A(n),/i G Hg(6„). 
Then Z lies in the center of Sq{n). 

Proof. The condition that z is central in 7iq{&n) implies that the above- 
defined map Z is indeed a right 'Hq(S,i)-homomorphism. Hence Z G Sg{n). 
It remains to check that (pf ^Z = Z4>'i^ ^ for any X, ^ ^ A(n) and any d G 
T)\^^. Applying [HI (2.1)], and by definition, for any h G 7ig{&n), 

(pi,iiZ{x^h) = {<pi^^){Xf,hz) = T^hz, 

This proves that (p'l ^Z = Z(f>f ^, as required. □ 

Definition 3.5. We define H{m), Zm,m £ Sq{n) as follows: for any A G 

A(n),/iG Wg(e„), 

'x^h{m)h, if A = (A(i), A(2)) with A(i) G A(m), 
0, otherwise. 



H{m){xxh) : 
Zm,m{x\h) : 



XA^m,m/i, if A = (A(i), A(2)) with A^^) G A(m), 
0, otherwise. 



Lemma 3.6. With the notations as above, we have that 

H{rnf = Zm,ra, 

and Zm,m lies in the center of Sq{m) ® Sq{m). Moreover Zm,m is invertible 
in Sq{m) (8) Sq{m). 

Proof. The equality H{m)'^ = Zm,m follows from direct verification and the 
fact that h{m)'^ = Zm,m- 

Since Zm,m lies in Hg(©(m,m)) and Zm,m is invertible in Hq{&^rn,m)) (see 
[Hi (4.12)]), it follows that Zm,m G Sq{m) Sq{m) and Zm,m is invertible in 
Sq{m) (gi Sq{m). The inverse of Zm,m is given by 

'xxz~]mh, if A = (A(i), A(2)) with A^^) G A(m), 
0, otherwise, 

for any A G A{n),h G 7Yg(S„). The claim that Z^^m lies in the center of 
Sq{m) ® Sq{m) also follows from direct verification. □ 
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Note that Zra,m is invertible in Sg{m) Sq{m) does not mean that ^ 
is invertible in Sq{n). The point is that the unit element of Sq{n) is not the 
same as the unit element of Sq{m) (8> Sq{m). By the same reason, we know 
that H{m) is not an invertible element in Sq{n). 

We identify 'Hq{'5{m,m)) with a subalgebra of Sq{m) ® Sq{m) via the in- 
jection im ®^m- For any A,/i € A(m), let I'a,^! be the set of distinguished 
©A-S^-double coset representatives in Sm- For any d G T>\^^, it is easy to see 
that d is a distinguished ©A-S/^-double coset representative in S|m+i,... ,n}- 
Here &\, denote the image of ©a, &^ under the automorphism ^ . 

Lemma 3.7. The automorphism ^ o/'Hg(S(m,m)) can he uniquely extended 
to a K -algebra automorphism (still denoted by ^ ) of Sq{m) Sq{m) such 
that for any \, fi £ A(m) and any d € T)\^^, 

= 

Furthermore, H{m)(f)'^^ = (p'^^H{m) and 4>'^^H(m) = H{m)(f)'^ ^. 

Proof. For the first claim, it suffices to show that the map which sends (/>^ ^ 

to ^, for any A, /u G A(m) and any d € T^\,^, can be uniquely extends to a 
iT-algebra map. To this end, it is enough to show that for any A, /i, € A(m) 
and any d € T^\ii-, d' € 1^^j.,u, 

(3-8) ^iJiu = '^IX.- 

Suppose that (pf ^(f>'li^u — Yld"eVx „ ■^'^"^'xv^ where Ad" € K for each d" . 
Then ' " _ 

By definition, it is easy to verify that for any h € 7iq{&m), 
4>i,v{^uh) = (l)f^^{xyh), 4>i^^{xfi) = (t)i^^{x^h). 

Therefore, 

This proves (|3.8p . as required. The proof of the last two equalities are 
straightforward and will be omitted. □ 

Definition 3.9. Let A[m) denote the non-unital /C-subalgebra of Sq{n) 
generated by Sq{m) ® Sq{m) and H{m). 

The algebra A{m) can be regarded as a covering of the algebra A{m). 
Note that the unit element of A{m) is the unit element of Sq{m) (g) Sq{m), 
which is different from the unit element of Sq{n). Note also that, by Lemma 
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13.61 although H{m) is not invertible in Sq{n), H{m) is indeed an invertible 
element in the algebra A{m). 

Definition 3.10. For each partition A € A^(m), we define 

By [H], the right ideal of Sq{m) generated by Zx is the Weyl module A;^ 
of Sq{m) with highest weight A. In a similar way, we can define the element 
Zx and the Weyl module Aa of Sq (m) . 

Lemma 3.11. Let A,^ € A+(m). Then we have 

(4 ® Z'li) Zm,m = f(X,fM) (q) (4 4) ' (^^ ^ Zm,m = f{X,f,) (q) (^A ® Z ^) . 

Proof. Since the dual Specht module Sx is also isomorphic to the right 

// n n 

ideal of Hq{&rn) generated by XyTw^,y^ , the first equality follows from 
[191 Lemma 3.2]. The second equality follows from the first equality and the 
definitions of Zm,m, Zx and Zx- □ 

To simplify notations, we shall denote H{m) by 6 and Sq{m) ^ Sq{m) 
by S*™'"*. The set of subspaces {5™'"*, 9S^'"^} is a Z/2Z-Clifford system in 
A{m) in the sense of \§\ (11.12)]. For any A, /i € A^(m), we set 

Aa,^; := Aa (g) A^, La,^ := Lx L^, 

where Aa, Lx (resp., A^, L^) are the Weyl module, irreducible module of the 
g-Schur algebra Sq{m) (resp., Sq{m)) respectively. By definition, Lx (resp., 
L^) is the unique simple 5'g(m)-head (resp., S'5(m)-head) of Aa (resp., of 
A^). Hence Lx^^ is the unique simple 5'™'™'-head of Aa,^. 

Note that by Lemma 13.71 the automorphism ^ of S^'"^ is induced by 
9. For any S'^'™'-module M, let be the new ^^'"^-module obtained by 
twisting the action of S*™'™" by ^ . We have the following result. 

Lemma 3.12. For any X, fi £ A^(m), we have that 

Proof. This follows directly from Lemma 13.71 □ 
Definition 3.13. For any A,^ € A+(m), we set 

Let a be the automorphism of A{m) which is defined on generators by 

Clearly, a is^'^= Id. By Lemma [3.61 we can apply [T71 (2.2)] and [211 
Appendix]. That is, as A(m)-74(?Ti)-bimodule, 

(3.14) l(m) (g^™,™ l(m) ^ l(m) (I(m))'', 
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where the left A(m)-module structure on (^A{m))" was just given by left 

multiplication, while the right ^(m)-module structure on (^(m))'^ was given 
by right multiplication twisted by a. 

Lemma 3.15. Let A,^ € A+(m). We have that 

(1) if Xy^ fi, then Lx^^ — L^^x is a simple A[m) -module; 

(2) there is a direct sum decomposition of A{m) -module: La, A = ^xx ® 

X' '^^^''"^ 



^A,A = (V AA,A)(g)^A (^Zx + Zx(^ Zxe)s^'"', 

Lx,x = (^/(A,A)(9)^A (S^X-Zx® tA^)5-'-, 

where Zx (resp., Zx) is the natural image of Zx (resp., of Zx) in Lx 
(resp., Lx); 

(3) A{m) is split over K, and the set 

forms a complete set of pairwise non-isomorphic absolutely simple 
A{m)-modules; 

(4) {Lx,,j,y = Lx^f, = L^,A, {Lp^f^y = L-^p- 

Proof. We only give the proof of (4), as the other claims follow from (4), 
(j3.14p and Frobenius reciprocity. 

In fact, one can check that the following map gives the isomorphism 

{Lx,^iY = Lx,^i: for any /ii, /i2 G S'^'™', 

{Zx®^^)hi + {Zx®^^)h2e ^ -fix,^.){q){Zx®^t.)h2 + (Za 0f^)/ii^; 



while the following map gives the isomorphism i^L^y^" = L^^ for any 
^1 f{x,x){q)Zx f A + ^A ® ^A^) h ^ {^fix,x)iq)Zx ®^x-Zx® ^xO) h. 



□ 



There is also a direct sum decomposition of 74(m)-module: Aa,a = ^a a' 
^xx^ where 



^A,A ■ = Uf{x,x){q)Zx ®Zx + Zx® Zxe)S^''^ 



Aa,a : = f(,x,X){q)Zx ®Zx-Zx® 2x6)3^'"^. 

Lemma 3.16. With the same notations as above, we have 

(1) if X^ fi, then Lx^^ is the unique simple A{m)-head o/Aa,^; 
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(2) L^^ (resp., L^x) unique simple A{m)-head of A'^ ^ (resp., of 

(3) (A,,,)'^-A,,,-A,,,, (A+J-^-A-^. 

Proof. These follow from Frobenius reciprocity. □ 

Corollary 3.17. Let X be a partition in A^(m). Let 9 acts as the scalar 
\l /(A,A)(9) (resp., —■\Jf[x,\)iQ) ) on the highest weight vector o/Aa,a- Then 
this action can be uniquely extends to a representation of A{m) on Ax^\. 
The resulting A{m)-module is isomorphic to A|"^ (resp., A^^j. The same 
statements hold for L^^ and L^^. 

Note that the set ;^}AGA(m) is a set of pairwise orthogonal idempotents 
in Sq{m), and Y^xi^Kim) '^a A ~ -^^'^ ™y right 5'g(m)-module M, it is clear 
that 

AeA(m) 

For each A € A(m), we define M\ := Mc/)^^! and we call M\ the A-weight 
space of S'g(m)-module M. Note also that Sq{m) is an epimorphic image of 
the quantum algebra [/^(gt^) associated to gl^ (cf. [5], [IS]). Any Sq{m)- 
module M naturally becomes a module over UKio^rn)- The definition of 
weight space we used here coincides with the usual definition of weight space 
for ?7x(s^m)"™odule. In a similar way, we can define the weight space for 
any S'g(m)-module. Therefore, we have also the notion of weight space for 
any S'^'™'-module. The weights of any S'^'™'-module are elements in the set 
A(m) := A(m) x A(m). 

There is a natural additive group structure on A(m). Let {c— j^^g^j^,^^ 

denote the standard basis of the group ring Z[A(m)] over Z. Then e— = 
e-"*"-. For any finite dimensional 5^'™-module M, we define the formal 
character of M as 

ch M = ^ dim Ma G Z[A(m)] . 

AeA(m) 

For any short exact sequence M' M ^ M" — > of finite dimensional 
5^'™'-modules, it is clear that 

chM = chM' + chM". 



Therefore, the map ch is a map defined on the Grothendieck group TZ{S^''^) 
associated to the category of finite dimensional S'™''"-modules. 

Set e = <PIj^i^^ 4>ljm(^m- Then e is an idempotent in A{m), and 
eA{m)e = A{m),eS^'™'e = 'Hq{& {^m,m)) ■ We define a functor F from the 
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category of finite dimensional ^(m)-modules to the category of finite dimen- 
sional A(m)-modules as follows: for any finite dimensional ^(m)-module 

M,N, and any ip G Hom^^^^(M, iV), F{M) = Me, F{N) = Ne, and 

F{ip){xe) := (p{x)e, € M. 

Let F be the Schur functor (induced by e) from the category of finite di- 
mensional 5™'™-modules to the category of finite dimensional 'Hq(S(m,m))- 
modules. Then we have the following commutative diagram of functors: 

Mod-I(m) Mod -5,"^'"^ 

(3.18) f\ f 

Mod-A(m) Mod-Wg(6(„^„)) 
We set A+(m) := A+(m) x A+(m). 

Lemma 3.19. Let (A,^) G A~'"(m) such that fi. Then we have 

F(A±J = 5(A,A)±, F{Ax,,) = 5(A,/i), 

p/J± \ \D{\,\)±, if X is e-restricted; 
I \,x) ~ Sq^ otherwise, 



F(L 



D{X,fi), if {X, fj.) is e-restricted; 
0, otherwise, 



Proof. These follow from (|3.18|) and direct verification. □ 

Lemma 3.20. F is an exact functor. In particular, F induces a homomor- 
phism from the Grothendieck group TZ{A{m)) associated to the category of 
finite dimensional A{m)-modules to the Grothendieck group TZ{A{m)) asso- 
ciated to the category of finite dimensional A{m)-modules. 

Proof. This follows from the same arguments as in |18l Section 6]. □ 

Corollary 3.21. For any X, n € A'^(m) with fi being e-restricted, we have 
the following equality of decomposition numbers: 

iKx ■■ ^t,,] = [^(^'^)+ ■■ ^(/^'/^)+] = K,x) ■■ KJ- 

Proof. This follows directly from Lemma 13.191 and I3.2UI □ 

Therefore, computing the decomposition number [5"^^ : -D^^^] can be 

reduced to computing the decomposition number [A^_^ : i^^^^] • The latter 
will be done in the final section. 
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4. Computing the Laurent polynomial fx{v) 

Let a be a fixed integer with < a < n and A = (A*-"^\ A*-^^) be a fixed 
a-bipartition of n. The purpose of this section is to give a close formula for 
the Laurent polynomial fx{v), which was introduced in \19\ Lemma 3.2]. 

Recall that by [19^ Lemma 3.2], certain central element (denoted by Za,n-a 
in [ini Lemma 3.2]) of 'Hv{&[a,n-a)) ^-cts on the dual Specht module Sx as 
the scalar fxiv)- These central elements Za,n-a arise in the study of certain 
homomorphism between some (dual) Specht modules over the Hecke algebra 
7iv{Bn). Indeed, similar central elements do arise if we consider the more 
general type Bn Hecke algebra T~Lv,v{Bn) which has two parameters v^v, 
where v is another indeterminate over Z. By some abuse of notations, we 
will denote the resulting Laurent polynomial by fx{v,v). The relation with 
our previous introduced Laurent polynomial fx{v) is given by 

fx{v) = fx{v,l). 

In this section, we shall give a closed formula for the Laurent polynomial 
fx{v,v). 

We fix some notations. Let v,v be two indeterminates over Z. Let A := 
Z[v,v~^ ,v,v~^]. The Hecke algebra Hv,v{Bn) of type Bn over A is the 
associative unital ^-algebra with generators Tq, Ti, • • • , T„_i subject to the 
following relations 

(To + l)(ro -v)=0, 

ToTiToTi = TiToTiTo, 

{Ti + l){Ti - v) = 0, forl<i<n-l, 

TiTi+iTi = Ti+iTiTi+i, for 1 < i < n - 2, 

TiTj = TjTi, for < I < j - 1 < n - 2. 

Let tr be the trace form on the Hecke algebras Hv^v{Bn) and Hv{&n) as 
defined in [31l p. 697, line 30]. Note that the trace form is denoted by r in 
[m p. 697, line 30]. 

Definition 4.1. (|13j (2.1)], [U (3.8)]) For any non-negative integers k,a,b, 
we set 

if k = 0, 

U{v'-' +Ti_i---TiToTi---Ti.i) if l<k<n. 

.i=l 




if k = 0, 

J](^„«-i_T,_i...Tirori---T,_i) if l<k<n. 

• i=l 
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' Sa+b-1 • • • Sb, if a, b are positive integers, 
if a or 6 is zero. 

By some abuse of notations, for each integer i € {1, 2, ■ ■ ■ , n — 1} \ {a}, 
we set 

^ \ i + n — a if l<z<a, 
i = \ 

\i — a if a < i < n — 1. 

Let ^ be the group isomorphism from the Young subgroup & (^a,n—a) 

onto 

the Young subgroup &(n-a,a) which is defined on generators by = for 
each integer i € {1,2,- •• ,n — 1} \ {a}. We use the same notation ^ to 
denote the algebra isomorphism from the Hecke algebra 7iy{&(^a,n-a)) onto 
the Hecke algebra Hv{&(n~a,a)) which is defined on generators by Tj = 7^ 
for each integer i € {1, 2, • • • , n — 1} \ {a}. By abuse of notation, the inverse 
of ^ will also be denoted by ^ . By [9l (3.23)], we know that there exists 
an element Za^n-a in the center of 'Hvi&(a,n-a)) such that 

(4.2) U^i^_^hji—a,a'Ua ha,n—a'Un—ahn—a,a'Ua — ^n—ahn—a,a'^a Za,n—a- 

Let * be the anti-automorphism of 7iv^^{Bn) which is defined on genera- 
tors by T* = Ti for each < i < n — 1. 

Lemma 4.3. For any integer a with 1 < a < n, we have that 

(4.3.1) U^h(iffi—(i'^n—ah'n,~a,a'^^ha,n—a'^n—a — '^^ha,n—a'^n—a^Ou^n~a; 

(4.3.2) iyZa^n—a) ~ Za^n—a- 

Proof. Using the same argument as [9^, (3.23)], we know that there exists an 
element z'j^_^^g^ in the center of 'Hq{&(^n-a,a)) ®A such that 

Note that 

— ^n~ah'n,—a,a'^a f^a,n—a'^n—ah'n,—a,a'^a Za,n~a 

On the other hand, we have that 





-aK- 


-a. 












= K~ 




-a. 








z' 

-a n- 


-a,ahn-a,aUa 


= 




-a. 




f^a,n- 




1 

■y 

-a^n~ 


-a,ahn-a,aUa z'' 


= <~ 




-a. 




Za,n— 


■aZ n~ 







It follows that „_a — Za,n-aZ'n-a,a- Note that (see p]) 

Za,n—a is invcrtiblc 

in Ti.v,v{&n)'^jQiv, v). Hence we conclude that ^;(i_a,a = Za^n-a, as required. 
This proves 1). 



20 JUN HU 

Applying the anti-automorphism * to both sides of ()4.2p . we get that 

^a^n—a'^n—a^CL^'n—a ^a,n—a'^n—a^''^—o-,o-^a ^o-,n~a'^n—a 

which imphes that [za^n-a)* = -Za,n-a; as required. □ 

For any a- bipartition A = (A(i),A(2)) of n, we define zx = z^(i)Z^) , where 
^A(i) = ^xw'^t^^wyxw'' ^A{2) = Xx(2)Tw^(^2)yx(^y- set A' := (A^^)', A^^)'). 
Recall that A = (A^^), A^^)), which is an (n — a)-bipartition of n. We define 
the Specht modules 5- and the twisted Specht module S- to be: 

Let 9x (resp., Sx) be the right T-Lv,v{Bn)-'OLLodule homomorphism from S- to 
S- (resp., from S- to S-) given by left multipliccition with, h^^fi—d (resp., 
with u~_Jin-a,a)- It is clear that both 9x and 5x are well-defined right 
'^i;,5(-B„)-module homomorphisms. 

Lemma 4.4. For any a-bipartition A ofn, there exists a Laurent polynomial 

fxiv,v) e A such that Za^n-aZX = fx(v,v)zx, Zn-a^aZ^ = fxiv,v)z^. In 

particular, both OxSx and Sx^x o-f^ scalar multiplication by fx{v,v)- 

Proof. The first part is an easy consequence of (4.1)], by using the same 
argument as in the proof of [19\ (3.2)]. The second part follows from Lemma 
^ □ 



Let n he a partition of a. Let := x^Tw^y^x'- Then := z^Hv{&a) 
is the Specht module of TCv{&a) corresponding to By |8l (3.5)] and [32l 
(5.2), (5.3)], the dual Specht module of TCv{&a) is isomorphic to the right 
ideal generated by y^'T^ ,Xfj_. Let 6^ (resp., 5^) be the right 7^„(Sa)-module 
homomorphism from to yi_t>Tw^iX^7iv{&a) (resp., from y^'Tw^,x^Hv{&a) 
to S^) given by left multiplication with y^'Ty^ , (resp., with x^T^^). The 
following result is coming from |291 (5.8)]. But we shall give a different proof 
here in order to illustrate the technique which will be used in the proof of 
the main theorem in this section. 

Lemma 4.5. ( [29^ (5.8)]) Let fi be a partition of a. Then both 9^6^ and 
6fj_9fj_ are scale multiplication of v^^'^^'-^s^{v), where s^(u) G A is the Schur 
element associated to fi. In particular, 

Z^Tw^/Zfj, — V ^ Sp^{v)z^. 

Proof. By [7", (4.1)], we have that 

^^liTw^yii'Tw iX^Tyj^y^i = r^iv^x^T^^y^i, 
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for some r^{v) G A. Therefore, for any h G ?iv{&a), 

= x^{T^^y^>Tyj^,x^jTw^)y^>h = r^{v)Xf,T^^y^fh = r^{v)z^h, 
We claim that r^(t;) / 0. In fact, by [3ll (5.9)], 
tT{Si,{yf^'T^^,Xf,)) =tv{x^T^^y^>T^^,Xfj) = ti{xlT^^y^'T^^,) 

It follows that 5fj,{y^iTw^,x^) / 0, hence {5^)q{^) is an ?^t,(Sa) '^a Qiv)- 
module isomorphism between two simple {Ti.y{&a) (8>^ Q(t')) -modules. By 
similar argument, one can show that (^/i)(Q(t,) is an (:^^(©a)«)^Q(^^))-module 
isomorphism between two simple (7^„(6a) (8'^Q(f ))-modules. In particular, 
this implies that r^(t') ^ 0, as required. 

It remains to show r^{v) = v^^"^!^^ s^{v). Since r^{v) ^ 0, r^{v)^^z^Tw^i 
is an idempotent in Hvi&a) 'X'^Q(w). Clearly 

Applying [31, (1.6), (5. 9)], we get that 



tr(^r^(u) ^z^T^^,^ tr (^Zf,Tw^, 



Clearly 6^9^ = v^^'^^'^ s^{v) implies that 9^6^ = v^^"^ ^^'^ s ^{v) . This completes 
the proof of the theorem. □ 

Theorem 4.6. With the above notations, we have that 

where sx{v,v), (resp., s^(i){v), S;^(2){v)) is the Schur element associated to 
the bipartition A (resp., the partitions X^^\ A*-^^ ). In particular, in the ring 
A, 

sxm{v)sy^(2){v) I sx{v,v). 

Proof. For an a- bipartition A = (A^^^A^^)), we define Twx — ^w^(i) '^w^^2) ■ 
Then Ty^^ = ,...Tyj . Now applying Lemma H31 we get that 

^X^w^^X = ^A(2)^?i'^(2)'^A(2)^A(i)^«i'^(i)'^A(i) 

where s^(i){v), Sx{2){v) are the Schur elements associated to the partitions 
^(1)^ ^(2) respectively. 
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Let A{v,v) := v'^^'"^^^^^^^^'"^^) f^i^y^yy^s^m{v)-\s^M{v)-\ Then we 
have 

— A(^V,v') U^_ghn—a,a'^a ^a,n—a'^n~'a^'n-—a,a'^a ^ajU—a^'yTyj^Z'^Ty^^ 
= A{v, v)fxiv, vy^u:^_^hn--a,autha,n-aK~ahn^a,autha,n-aZlTy,^^ 

= A{v,v)fx{v,vy^u:^_^hn 



X' 



In other words, A{v,v)u„_^hn —a^a^^zxhfi 'jri—a^w—^ an idempotent of the 
Hecke algebra Hv,v{Bn) (!S>^Q{v,v). Since 

S-(g)jQ{v,v) = A{v,v)u~„^hn-.a,aUtzxha,n-aTw^{'Hv,v{^n) ®_4^Q{v,v)), 

it follows from [61\ (1.6)] that 

where s\{v,v) is the Schur element associated to the bipartition A. On the 
other hand, if we set g = Qi = — 1, Q2 = v, and /i = (A(^\ A^^^), then the 
element in [3T] is 



(n—a s 
k=i ^ 



in our notation, and the element n„/ in [3T] is 



in our notation. Note also that the element ii;^/ in (HU (5.9)] is just 

in our nota;tion. TliGrcforc, th.6 clGiiiGnt z^T^ , in the notation of [31, (5.9)] 
is just 

n—a a 



X' 



k=l k=l 
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in our notations. Applying [HU (5.9)], we have 

r n—a a 

tl( (n(-^'"'')) (n v'~'")<-ahn^a,autzxha,n-aTy,^ 
^ k=l k=l 

It follows that 
Hence, 

fx{v,v) = v 2 v"" " f- Vt^-^' 

■Sa(i)(^)Sa(2)(^) 

as required. □ 
Corollary 4.7. With the above notations, we have that 

n(n~l) SX{V,1) 

fx{v) = V 2 



sxw {v)sxi2) {v)' 



5. Twining character formulae 

The purpose of this final section is to derive a closed formula of the 
decomposition number [A^^ : L'^^^] (where A, /U G A~^{m)) in terms of the 
elements f{x,\)iQ)jf{ii,fi){Q)i thus proving our main result Theorem 12.91 

Let M be an arbitrary finite dimensional 74(m)-module. Then M9 C M. 
For each n G A(m), it follows from the definition that 

Let -/Vf(^^^) be the (^u, /x)-weight space of the A(m)-module M. Note that for 

any x € M, x G if and only xcf)^^^^ = x = X(j)j^^^. Then, it is easy to 

verify that M(^^^^6 C M^^^^y Therefore, it makes sense to talk about the 
trace of 9 on . 

We define the twining character of the 74(m)-module M as follows: 

ch^(M):= Yl Tr(^,M(^,^))e^Gi^[A(m)], 
/ieA(m) 

where K[A{m)] denotes the group algebra of the additive group A(m). It is 
easy to see that ch^ induces a homomorphism from the Grothendieck group 
TZ{A{m)) to K[A(m)]. We denote this homomorphism again by ch^. We 
use vr to denote the natural map from the group ring Z[A(m)] to the group 
algebra K[A{m)]. 
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Lemma 5.1. For any A, /i G A+(?7i) with \^ jjL, we have that 



ch'(AtA) = -ch'(AA,A) = V/(A,A)(9)^(chA,), 

ch'(itA) = -ch'(^A,A) = ^/(A,A)('Z)^(chL,), 

ch^(LA,^) =0, 

where chA;^,chL;s^ denote the formal characters of the Weyl module and 
irreducible module associated to A of the q-Schur algebra Sq{m) respectively. 

Proof. Let v G A(m). By definition, La,/^ = (-^A ® L^) © (L;^ -L^)^, and 
the (z^, zv)-weight space of L\^^ is just 

It is easy to see tliat tfie trace of 9 on this space is 0. This proves ch^ {^x,fj) — 
0. 

Let vx (resp., vx) be the highest weight vector of Aa (resp., of Aa). By 
definition, we know that the (i^, z^)-weight space of A^^ is (AA)jy (Aa),/. 

Let {vxXi}^^-^ be a ii'-basis of {Ax)u, then {^xXi}'^^-^ is a K-basis of {Ax)u- 
We now apply Corollarv 13.171 For any integer 1 < i, j < k, we have 

[VXXi VxXj) = VxXj (g) VxXi. 

It follows that 

^(^' (^a,a)(.,.)) = /W^dim(AA),. 



Hence ch^(A^^) = y /(A,A)('i')'''"(ch Aa). The remaining equalities can be 
proved in a similar way. This completes the proof of the lemma. □ 

For any A, € A+(m) with 7^ z^, we set 

dx,^, := [Aa : L^] , mA,^ := [A+^ : Z+^] , := [A+^ : L^^^] . 

By (j3.18p . it is clear that 

[^A,A • = - "^A,/.• 

Therefore, we have the following equality in the Grothendieck group TZ{A{m)): 

= E ("^^./^ Km] + ('^A,M - "^A,m) fe/.] ) + E "^M,- P/^.-] • 
/xeA+(m) /i,i/eA+(m) 

We apply the map ch^ to the above equality and using Lemma f5.ll It follows 
that 



(5.2) ^/(A,A)((z)vr(chAA) = {'^^x,^. - dl^) ^ f^^^^){q)7r{ch L^) . 

fi£A+{m) 
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On the other hand, we have that (in Z[A^(?7i)]) 

chAA= ^ dx,^,chL^, 

/ieA+(m) 

and hence (in i^[A"^(m)]) 

(5.3) 7r(chAA) = Yl c?A,Mvr(chL^). 

By the results in [5] and [15J, Sg{m) is an epimorphic image of the quan- 
tum algebra [//<(g[„), hence each irreducible 5g(m)-module is a highest 
weight module over the quantum algebra UxiQlrn)- follows easily that the 
elements in the set {7r(chL^)| are /C-linear independent. Therefore, we can 
compare the coefficients of the equalities (|5.2p and (j5.3p and deduce that (in 
K) 

fjf{\,\){(l) \ 
mx^ii = dx,,M ( , + dA,M 1 /2. 

If /X is e-restricted, we then apply Corollary 13.211 and this proves Theorem 
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